We investigate charged black holes coupled to a massive dilaton. It is shown that black holes which are large compared to the Compton wavelength of the dilaton resemble the Reissner-Nordström solution, while those which are smaller than this scale resemble the massless dilaton solutions. Black holes of order the Compton wavelength of the dilaton can have wormholes outside the event horizon in the string metric. Unlike all previous black hole solutions, nearly extremal and extremal black holes (of any size) repel each other. We argue that extremal black holes are quantum mechanically unstable to decay into several widely separated black holes. We present analytic arguments and extensive numerical results to support these conclusions.
Introduction
There has been increasing interest in the properties of black holes in string theory.
One of the original motivations was the desire to gain a better understanding of the allowed causal structure and possible singularities in this theory. However, it has since been realized that modifications arising from string theory may help to resolve some of the puzzles associated with black hole evaporation [1] . Although an exact black hole solution in string theory is now known in two spacetime dimensions [2] , we wish to consider the more physical case of four dimensions where the exact black hole solution is not known. We can however work with the low energy string equations of motion. Solutions to these equations should be close to an exact string solution whenever the curvature is small compared to the Planck scale.
Solutions to the low energy string equations of motion describing black holes are known [3] [4] , and differ from the standard Reissner-Nordström solution of general relativity when the charge is nonzero. The reason for this difference is the existence of a scalar field called the dilaton. Although the difference is negligible outside the event horizon when the ratio of the charge to the mass is small, it becomes significant near the extremal limit. In particular, in terms of the metric that strings couple directly to, an extremal magnetically charged black hole has neither a curvature singularity nor a horizon. In its place is an infinite throat. The fact that a potentially infinite volume of space may be present inside an object that appears small to an observer outside the throat has been conjectured to play a role in resolving the information problem that arises when black holes evaporate [5] .
Unfortunately, there is a serious omission in the investigations that have been performed so far. In low energy string theory, the dilaton is massless. But a truly massless dilaton violates the equivalence principle and is inconsistent with observations [6] . Since the dilaton is in the same supermultiplet as the graviton, it cannot get a mass while maintaining supersymmetry. However supersymmetry is certainly broken at low energies, and it is widely believed (and hoped!) that when this occurs, the dilaton will become massive.
Thus physically the most interesting case is black holes coupled to a massive dilaton. This is the subject of the present investigation.
We will show that for large black holes, the spacetime resembles the ReissnerNordström solution. When the charge is comparable to the mass, there is both an outer (event) horizon and an inner (Cauchy) horizon. In the extremal limit, these two horizons coincide. For small black holes, the solution resembles the massless dilaton case. There is only a single horizon, and in the extremal limit, it moves off to infinity leaving an infinite throat. So infinite throats exist even in the more realistic theory with a massive dilaton.
The scale at which the black hole changes character is simply the inverse mass, or Compton wavelength, of the dilaton. This is physically reasonable. When the Schwarzschild radius is less than the Compton wavelength, the black hole does not see the mass, and behaves like the massless case. When the Schwarzschild radius is much larger, the dilaton is essentially fixed at its minimum value and does not change enough to modify the geometry.
Numerically, if the dilaton has a mass of 1 TeV, the transition occurs at a black hole mass of approximately 10 11 gms. So the dilaton does not affect solar mass sized black holes, but could play an important role in the evaporation of smaller holes.
Charged black holes with a massless dilaton (and φ → 0 at infinity) only exist when
2 . This upper limit on the charge for a given mass is larger than the usual bound Q 2 = M 2 without the dilaton. We will see that black holes with a massive dilaton have a maximal charge to mass ratio which depends on the size of the black hole. It appears to vary continuously from Q 2 /M 2 = 2 for small black holes to Q 2 /M 2 = 1 for large ones. The fact that the charge can be greater than the mass has the following important consequence. Two widely separated Reissner-Nordström black holes will attract each other unless Q = M . Since this is the extremal limit, it is not possible for black holes to be repulsive. When a massless dilaton is added, it adds an extra attractive force. So even though the extremal limit has a larger charge to mass ratio, this limit again corresponds to the point where the forces cancel at large separations. With a massive dilaton, the situation is different. We will see that at large distances, the solution always approaches the Reissner-Nordström metric, and the force associated with the dilaton is negligible.
Since the presence of the dilaton near the horizon allows Q 2 > M 2 , one has black holes which (at large separations) repel each other! To the best of our knowledge, these are the first examples of gravitationally bound objects which are repulsive. Since Q = M is not the extremal limit, initially static black holes will Hawking radiate and start to repel each other. We will argue that one consequence of this repulsive force is that large extremal black holes are quantum mechanically unstable to decay into multiple extremal black holes.
Another unusual property of black holes coupled to a massive dilaton is the presence of wormholes.
1 It is well known that the maximally extended Schwarzschild solution contains 1 We will use the word "wormhole" to describe a region of space where the area of spheres decreases and then increases again. These are three dimensional -not four dimensional -objects.
See [7] for another example of this type of wormhole.
a wormhole in the sense that a spacelike surface connecting the two asymptotically flat regions reaches a minimum size inside (or on) the event horizon. This wormhole, however, cannot be transversed by physical observers since it quickly collapses to zero size. We will see that the string metrics describing certain black holes with a massive dilaton have wormholes outside the event horizon. These wormholes are static and can be transversed by strings falling into the black holes.
The exact form of the dilaton potential in string theory is not known. We will consider the simplest choice m 2 φ 2 and later briefly discuss what effect more realistic choices would have. Of course, for a general potential, when φ is small and near its minimum, m 2 φ 2 is a good approximation. Adding this term to the standard low energy string action yields
where R is the scalar curvature and F µν is the Maxwell field strength. As indicated in (1.1), we will work with the metric having the standard Einstein action. This is related to the metric that the strings couple directly to via the conformal rescalingĝ µν = e 2φ g µν .
Both metrics have the same causal structure except in the case of extremal magnetically charged black holes, where a singular horizon in the Einstein metric corresponds to an infinite throat in the string metric. The equations of motion of (1.1) are
These equations are invariant under the same electromagnetic duality transformation that holds when m = 0. Namely, one can replace F µν and φ withF µν ≡ 1 2 e −2φ ǫ λρ µν F λρ and φ = −φ. We will consider a purely magnetically charged black hole:
Electrically charged holes can be obtained by applying the above duality.
We are interested in static, spherically symmetric solutions. Unfortunately, we do not expect that exact solutions can be expressed in a simple closed form. We will study these solutions using two different forms of the metric. We will first choose coordinates so that the metric takes the form
where λ and R are functions of r only. This has the advantage that both the massless dilaton black holes and no dilaton black holes (i.e. the Reissner-Nordström solutions) are simply expressed in these coordinates. This will facilitate a discussion of approximate solutions as well as lead to some general properties. In Sec. 2 we will discuss properties common to all black hole solutions, while in Sec. 3 we will consider separately black holes of different sizes. In Sec. 4 we will present our numerical results. For this purpose, it is more convenient to choose the following form of the metric
where f and h are functions of r only. With this form of the metric, f can be solved for explicitly, and the h equation becomes first order instead of second order. Sec. 5 contains some concluding remarks.
General Properties
Choosing the form of the metric (1.3), the dilaton equation (1.2b) and three nontrivial components of the metric equation (1.2c) become
These four equations are not all independent. Eqs. (2.1c) and (2.1d) can be combined to yield a single equation with no second derivatives.
When m = 0 these equations have a simple exact black hole solution [3] [4]
where M is the mass and φ ∞ is the value of the dilaton at infinity. The metric is identical to Schwarzschild except that the area of the spheres of spherical symmetry are reduced by an amount depending on the charge. This area goes to zero at r =
which is the curvature singularity. In the extremal limit, Q 2 = 2M 2 e 2φ ∞ , the horizon itself becomes singular. However, when we conformally rescale to the string metric, one finds that the extremal limit is given by
where we have absorbed the constant e φ ∞ into a redefinition of r and t. This metric has neither a horizon nor a curvature singularity. The surfaces of constant time are asymptotically flat, and approach an infinite cylinder as r approaches √ 2|Q|.
We begin our discussion of black holes with m = 0 by deriving a few general properties of these solutions. As boundary conditions at infinity, we require that the metric be asymptotically flat and the dilaton vanish. (Since we have chosen the minimum of the dilaton potential to be at φ = 0, one cannot shift the dilaton at infinity without destroying asymptotic flatness, unlike the massless case.) In particular, at infinity, R must be equal to r. So integrating (2.1d) from any r to infinity, we get R
In particular, R ′ ≥ 1 everywhere and R is monotonically increasing. This shows that there are no wormholes outside the horizon in the Einstein metric.
Now consider the behavior of the dilaton outside the horizon. We first show that the dilaton must be positive on the horizon. Multiplying the dilaton equation by φ yields
If φ were negative on the horizon one could integrate (2.4) from the horizon out to φ = 0. The left hand side vanishes and the right hand side is positive definite, yielding a contradiction. Next, it follows immediately from the dilaton equation that at a negative extremum, R 2 λφ ′′ < 0. This means that if the dilaton ever becomes negative, it must continue to decrease. It cannot have a local minimum with φ < 0. Since the dilaton is positive at the horizon and zero at infinity, it must remain nonnegative. Finally, one can
show that the dilaton is monotonically decreasing outside the horizon. Next, consider the solution in the region far from the black hole. Since the metric is asymptotically flat and φ vanishes at infinity, the dilaton equation (2.1a) reduces to
For large r the derivative term is negligible and the solution is
The massless dilaton falls off at infinity like 1/r, and a massive scalar field with localized sources falls off exponentially. Here we have both a mass and a source which is going to zero like a power of 1/r. These combine to give the somewhat unusual asymptotic behavior of the dilaton. Now consider the metric equations (2.1b) and (2.1c). The contributions to the right hand sides from the dilaton fall off like 1/r 6 which is much faster than the dilaton independent term Q 2 /r 2 . As a result, the leading order solution for λ and R is exactly the Reissner-Nordström solution. The first order corrections to Reissner-Nordström can be found by solving the equations perturbatively. One finds that
Thus the corrections to the Reissner-Nordström solution are quite small for large r. We should caution the reader at this point that the full power series expansion of the solution around r = ∞ has zero radius of convergence, so one must be careful when including large numbers of higher order terms in (2.8). The approximations we have written down give the correct leading behavior.
Now we consider the behavior of the solutions near the singularity. Consider first the massless dilaton solution (2.2). Since the dilaton is diverging near the singularity at r = 
where c term becomes negligible near the singularity for any of these solutions.
Approximate Solutions
There are three distinct types of black hole solutions depending on the size of the black hole compared to the Compton wavelength of the dilaton.
Large Black Holes
First consider a black hole with M m ≫ 1 i.e. a black hole with Schwarzschild radius much larger than the Compton wavelength of the dilaton. We claim that the asymptotic solution (2.7), (2.8) found above remains close to the exact solution up to and past the event horizon. Outside the horizon, the maximum possible value of the correction terms to Reissner-Nordström is obtained when Q 2 ≈ M 2 and r ≈ M . Even in this case, the correction to λ is of order (M m) −2 and the correction to R is of order (M m) −4 . Since these correction terms were derived under the assumption that φ ≈ Q 2 /m 2 r 4 we must also verify that this remains valid everywhere outside the horizon. This solution for φ followed from the fact that φ ≪ 1 and the derivative term in (2.6) was negligible. The first condition is clearly satisfied until one is well inside the black hole. The second condition will remain true until
Using the approximate value of φ from (2.7) one finds that the approximation is valid as long as mr > (mM ) 1/3 or mr > (mQ) 1/2 whichever is larger. Since the event horizon occurs when r is of order M , this condition is also valid until well inside the black hole.
(The second alternative is just the condition that φ be of order one.) For Q 2 of order M 2 , the inner horizon of the Reissner-Nordström black hole is close to the event horizon.
The above argument indicates that the solution will stay close to Reissner-Nordström even past the inner horizon. This suggests that large black holes with large charge coupled to a massive dilaton will have nonsingular inner horizons even though massless dilaton black holes do not. 3 The numerical solutions in Section 4 will confirm this. If the charge is much less than the mass, the approximation breaks down before the Reissner-Nordström inner horizon is reached. In this case, we will find numerically that the solutions have only one horizon.
For a Reissner-Nordström black hole, the extremal limit occurs when the inner and outer horizons coincide. This happens when Q 2 = M 2 and the horizon is r 0 = M . Since the large black hole is quite similar to Reissner-Nordström until well within the inner horizon for Q 2 ∼ M 2 , the extremal limit of the large black hole is qualitatively similar to the Reissner-Nordström extremal limit. The presence of a massive dilaton does however 3 Rotating black holes with a massless dilaton do have an inner horizon [8] .
shift the extremal limit away from Q 2 = M 2 . With the parameterization in (1.3), a horizon occurs whenever λ = 0, so using (2.8), the condition for a horizon is
We can calculate the deviations from the Reissner-Nordström limit by fixing M and perturbing Q 2 → M 2 + δQ 2 and r 0 → M + δr. To leading order in 1/(mM ), (3.2) gives
Thus in the extremal limit, the charge is always larger than the mass. The maximum charge for given mass increases as the black hole becomes smaller. If the charge is increased beyond the extremal limit, the horizons disappear and a naked singularity occurs.
The electromagnetic and gravitational forces between two extremal Reissner-Nordström black holes (of the same sign) exactly cancel. We have seen that large extremal string black holes approach Reissner-Nordström asymptotically and always have Q
This increases the magnetic repulsion, so two extremal string black holes at large separation will repel each other. This fact has the following important consequence. It is energetically favorable for one large extremal black hole to split into several smaller ones.
This follows from (3.3) since the mass of a single extremal black hole with charge Q is
while the mass for n widely separated extremal black holes with charge Q/n is
Clearly, M n is a decreasing function of n. (We cannot decrease M n to zero since this formula is only valid when mM n ≫ 1.) Of course this breakup cannot occur classically since horizons cannot bifurcate [9] . But it will occur through quantum tunneling, if there is no infinite barrier to prevent it. One can argue against the presence of an infinite barrier by finding an instanton which describes this tunneling event. This is currently under investigation.
The possibility that extremal Reissner-Nordström or massless dilaton black holes can quantum mechanically bifurcate has recently been discussed [10] [11]. Since there is no force between these black holes, the analogous calculation would show M n is independent of n. The different states are degenerate in energy. Whether or not tunneling is possible in this case, we have shown that it is much more likely to occur when there is a massive dilaton.
Although we have considered extremal black holes, it should be clear that the same conclusion applies to nearly extremal black holes. The fact that M n < M 1 will not be altered if the charge on each black hole is decreased slightly. The main difference between extremal and nonextremal black holes, is that the nonextremal holes will quantum mechanically emit ordinary Hawking radiation. Since the extremal black holes have a degenerate horizon, their Hawking temperature vanishes. As we have just seen, this is not sufficient to conclude that they are quantum mechanically stable. This strongly suggests that the extremal black holes are not supersymmetric.
Small Black Holes
Now consider the case mM ≪ 1 when the black hole is small compared to the Compton wavelength of the dilaton. In the asymptotically flat region far from the hole, the dilaton satisfies eq. (2.6) and has the asymptotic solution (2.7). Since mM ≪ 1, there is now a region (mM ) 1/3 ≪ mr ≪ 1 where the metric is still essentially flat, but the dilaton is no longer given by (2.7). (The lower limit comes from requiring that the terms in the dilaton equation depending on M be negligible.) The exact solution to (2.6) can be found in terms of the exponential integral function, but for our purposes it suffices to notice that for mr ≪ 1, the solution is approximately
where A is an arbitrary constant. We showed earlier that the dilaton cannot be negative outside the event horizon. Thus, in order to have a solution describing a black hole, A must be sufficiently large that the second term dominates the first. But this is precisely the behavior of a massless dilaton at large distances from a black hole. One expects that the solution will now resemble the massless dilaton black hole, at least until the dilaton becomes large.
When considering how the massless dilaton black hole matches onto the ReissnerNordström solution, it is perhaps worth mentioning that the two solutions are actually more similar than they may appear. As we have mentioned, there is a residual gauge freedom in the form of the metric (1.3) corresponding to shifting r by a constant. If we introduce a new radial coordinate r =r + Q 2 /2M , then the massless dilaton solution (2.2) (with φ ∞ = 0) becomes
which shows that the solutions really differ only at order 1/r 2 .
In the general massless dilaton solution (2.9), a horizon exists only when c 1 = 1.
Since we expect that small black holes resemble the massless dilaton solution, c 1 must be 1 up to small corrections. Small deviations from c 1 = 1 are allowed since the corrections from the dilaton mass can compensate and still permit a horizon to form. We will see in the next section that for nonextremal black holes, these small deviations from c 1 = 1 do not vanish as one approaches the singularity. Thus, even though the mass terms become negligible near the singularity, the solution is not approaching (2.2). However, in the extremal limit, the horizon itself approaches the singularity. So the small corrections to c 1 must be getting smaller and smaller. Thus, up to the coordinate freedom of shifting r and rescaling, the solution approaches the standard massless solution (2.2). In the string metric, the extremal small black holes will disappear down an infinite throat. One might be tempted to conclude that the extremal value of the charge for any small black hole is given by the massless dilaton result Q 2 ext = 2M 2 (using the fact that the dilaton must vanish at infinity). However, the parameters M and φ ∞ in (2.2) do not in general correspond exactly to the asymptotic values of the mass or dilaton. This should be the case only in the limit of very small black holes. Thus we expect that the extremal value of the charge for small black holes has the form
where α is an undetermined positive constant. It is simple to check that extremal black holes with charge given by (3.7) are unstable in exactly the same manner as the large black holes.
Black Holes with M m ≈ 1
Some analytic results about black holes with M m ∼ 1 can be obtained as follows.
We have seen that the extremal limit of a large black hole has a degenerate horizon, while the extremal limit of small black holes has a singular horizon (which in the string metric corresponds to an infinite throat). Let us consider the condition for the existence of a degenerate horizon. If both λ and λ ′ vanish at a point r d , then from (2.1a) and (2.1c),
where R d and φ d are the values of R and φ at r d . Combining these equations yields 
Since λ > 0 outside the degenerate horizon (assuming it is the event horizon), we require when we use the fact that r = Q at the horizon of degenerate large black holes.
The critical value m 2 Q 2 = e 2 /4 is quite interesting. We see from (3.11) that λ ′′ d = 0 when φ d = 1, so that the degenerate horizon is actually triply degenerate at the critical value (the higher derivatives are nonzero). This may indicate that three horizons are coming together at this point instead of just the two that come together when m 2 Q 2 > e 2 /4. The possibility of black holes with three horizons has been discussed in the literature [12] . However, we see no evidence of this in the numerical simulations described in the next section. Because of the singularities in the equations, the numerical simulations behave very poorly right near this critical value, so we cannot rule out spacetimes with three horizons. However, it is clear that this is not the generic case for m 2 Q 2 > e 2 /4. To see this, we will need a relation between R ′ and φ ′ valid for any degenerate horizon.
Taking the derivative of the dilaton equation of motion and evaluating at a degenerate horizon yields
Since R ′ > 1 everywhere, we see that φ must decrease away from a degenerate horizon as well as a regular horizon. Using (3.12) we obtain:
either very large or very small the quantity in brackets is negative and (Re
In this case the string metric describes a wormhole outside the event horizon. A string falling in will pass through the throat of the wormhole before entering the black hole.
The above local argument is not complete in that we have not yet shown that one can evolve the spacetime outward from the wormhole and obtain an asymptotically flat region. This gap will be filled by the numerical solutions in the next section. Although we have found these wormholes by studying degenerate horizons, it should be clear that wormholes can exist outside regular event horizons as well. If one increases the mass slightly keeping the charge fixed, the throat of the wormhole will remain outside the horizon.
Numerical Results

General Method
As mentioned earlier, for numerical results, it is convenient to use the following form of the Einstein metric
where f and h are functions of r only. This form of the metric is justified since R is monotonically increasing. As we have just seen, it would not be wise to assume this form for the string metric. The coordinates would then break down outside the horizon at the throat of the wormhole. The tt and rr components of Einstein's equation now become
r 2 , (4.2a)
These are both first order equations. The first is the standard constraint equation and hence is independent of f . The remaining component of Einstein's equation will be satisfied if the stress tensor is conserved, which will hold if the dilaton satisfies its field equation: 
The problem of finding black hole solutions thus reduces to solving (4.2a) and (4.5).
One can eliminate m from these equations by using the fact that they are invariant under the following rescaling: r → cr, m → m/c, Q → cQ. We therefore set m = 1. This corresponds to measuring distances in units of the Compton wavelength of the dilaton.
Since the right hand side of (4.2a) is positive definite, it follows that h cannot have an extremum with h > 1. If h ever increases larger than one, it must continue to increase.
We now briefly consider the asymptotic form of the solutions near the singularity. The familiar massless dilaton black hole has β = 1. We will see that the massive dilaton black holes typically approach this more general solution near the singularity with β = 1.
Since the radius of the spheres in the string metric is re φ ∼ r 1−β , when β > 1, the spheres become infinitely large near the singularity.
We now need to numerically integrate the equations (4.2a) and (4.5). Since eq. (4.2a)
is first order in h and eq. (4.5) is second order in φ, we must impose boundary conditions at a point r 0 by specifying h(r 0 ), φ(r 0 ) and φ ′ (r 0 ). It might seem straightforward to use the known asymptotic behavior of the solutions to fix these three parameters at some large r and then integrate in. However this fails for the following reason. At large r, the dilaton equation has both exponentially growing and exponentially decaying solutions.
Any small numerical error in the initial values of h(r 0 ), φ(r 0 ) and φ ′ (r 0 ) will correspond to a small error in the coefficient of the mode which grows exponentially as one evolves inward. The result is that numerical integration is extremely unstable and one cannot reliably integrate in to the horizon. To avoid this, we use a technique which actually turns the above instability to our advantage. This reduces the number of parameters needed to specify the solution by one. Since the horizon is a singular point of the equations however, we cannot begin numerical integration there. Instead, we must do a power series expansion of the solution around the horizon, and start the numerical integration slightly outside. In other words, choose a point r 0 .
Expand the dilation and metric around the horizon using
Using this expansion in eq. (4.2a) and (4.5), one sees that the solution has one free parameter, φ(r 0 ) = φ 0 . As happens with most power series in this problem, the expansion (4.8) seems to be only an asymptotic expansion, so in the numerical integrations, we will keep only the first three terms. Even the low order terms are quite lengthy, so we will not present them explicitly here.
The numerical integration now proceeds as follows. Fix Q, and select a value for r 0 .
This fixes the area of the horizon which is equivalent to fixing a mass M . (Recall that we have set m = 1.) Choose a small parameter ǫ which determines the starting point of the integration r 0 + ǫ. Now choose a value of φ 0 (this determines h(r 0 + ǫ), φ(r 0 + ǫ), and φ ′ (r 0 + ǫ)) and integrate outwards. As we have seen, the equations (4.2a) and (4.5) are extremely numerically unstable, which makes the outwards integration tricky. One can use this instability to determine the correct value for φ 0 . The homogeneous solution to the flat space dilaton equation (2.6) has an exponentially growing solution. If φ 0 is chosen to be too small, then the undesired exponential mode mixes into the real solution with a negative coefficient. As r increases, this drives φ(r) off towards −∞. As discussed in Sec. 2, φ(r) cannot be negative outside an event horizon. Thus it is easy to tell if the initial value of φ 0 was too small. Conversely, if φ 0 is initially chosen to be too large, then the undesired exponential mode enters with a positive coefficient, which drives φ(r) towards +∞. As we saw in Sec. 2, φ(r) must monotonically decrease outside the horizon, so it is also easy to tell if one has chosen φ 0 too large. Once one has found a φ 0 that is too large and one that is too small, it is straightforward to test their mean value to see whether it is too large or too small. One can then iterate the procedure until a value of φ 0 is found that approximates the desired asymptotic behavior. Because of numerical errors, it is impossible to completely eliminate the instability, but it is possible to determine the correct value of φ 0 to extremely high precision.
To obtain the interior solution, one uses the value of φ 0 just obtained and integrates inward starting at r 0 − ǫ. The crucial point is that φ 0 can be determined to sufficient accuracy so that the interior solution is insensitive to the residual error. For small black holes, one can integrate the equations to arbitrarily close to the singularity. For black holes with an inner horizon, the equations become singular at the inner horizon, and the integration breaks down there. However, one can integrate to quite close to the inner horizon, and determine the value of φ at the inner horizon. This can be used as a new φ 0 to integrate inwards to the singularity. One must be careful with this procedure, because the value of φ at the inner horizon cannot be determined as precisely as the value of φ on the event horizon, and the solutions near the singularity are sensitive to the value of φ 0 used at the inner horizon.
To perform the numerical integration, we used the extremely powerful differential equation solver lsoda.f [14] . Using this Fortran program, it takes very little time to determine the correct value of φ 0 to up to fourteen decimal places in all but the most pathological situations. For our first example, we take r 0 = 100 and Q = 60. This corresponds to a mass M = 68, which can be determined from the fact that outside the horizon, this solution is very close to the Reissner-Nordström solution. These parameters should correspond to a large black hole with two horizons. In fig. 1 , we show what happens when one integrates outwards. Two integrations are shown, with slightly different values of φ 0 . One is diverging upwards, and the other is diverging downwards. The dashed line in the middle is just the approximation from eq. (2.7), showing that the dilaton is quite close to the expected value outside the event horizon (the leading order terms in (2.7) and (2.8a) are still correct in this coordinate system). The correct value for φ 0 lies between the two given values. Notice that the outwards integration does not go far before the instability sets in. This is not a serious problem, since we have a good approximation to the solution outside the horizon, (2.7) and (2.8). The important point is that one can integrate far enough to determine φ 0 to high precision. Integrating inwards from the event horizon works well, and the two values of φ 0 give essentially indistinguishable answers inside the black hole, at least up to the inner horizon. The metric function h(r) for this black hole inside the event horizon is shown in fig. 2 .
Specific Numerical Examples
It agrees almost precisely with the approximate solution in (2.8a). The deviations are too small to show up on the plot. The inner horizon appears at r = 35.976. This confirms that black holes with massive dilatons can have inner horizons. The dilaton is shown in fig. 3 .
It also has essentially no deviation from the approximate value (2.7). Continuing the integration inside the inner horizon is more difficult. Because the equations become singular at the inner horizon, it is simple to determine its position.
Unfortunately, numerical errors make the precise value of φ difficult to determine. A good approximation can be found, but this seems to be insufficient to integrate up to the singularity, as the interior solution exhibits an instability similar to the one outside the event horizon. (This instability does not occur when the inner horizon is absent, and seems to be related to h > 0.) An example of this is shown in fig. 4 , where two similar values of φ on the inner horizon are used to begin integration. In most cases, one can push the instability to inside the point where h(r) > 1. We have seen that once h(r) > 1, it must increase to +∞, so there can be no third horizon. Our next example is a large black hole which has no inner horizon. The event horizon is again chosen to be at r 0 = 100, but the charge is now Q = 20. These parameters correspond to a black hole with mass M = 52. Again, it is not possible to integrate outwards very far from the event horizon, but φ 0 can be determined to high accuracy. We find that with these parameters, the dilaton at the horizon is φ 0 = 3.998433496484 × 10 −6 , which is excellent agreement with the approximate answer given by Q 2 /r 4 = 4 × 10 −6 . Unlike the previous example, the solution inside the event horizon is quite stable under small changes in φ 0 all the way to the singularity. In fig. 5 , we compare the metric function h(r) inside the horizon with the approximate solution given in equation (2.8a). The agreement is excellent in to r ≈ 5. The small increase in h(r) around r = 4 is where the Reissner-Nordström solution has a inner horizon.
In fig. 6 , we show the dilaton inside the event horizon of the same black hole. Since the dilaton varies across a wide range, we have actually plotted log φ. For comparison, we have also plotted Q 2 /r 4 . The dilaton agrees with the approximate solution until well inside the event horizon, but as expected, starts diverging inside r ≈ 10 (this deviation is not numerical error, but due to the breakdown of the approximation (2.7)).
The behavior of this black hole near the singularity is quite illustrative. The behavior of rφ ′ (r) is shown in fig. 7 . As discussed earlier, if the solution were approaching the massless solution (2.2), near the singularity, rφ ′ → −1. We can see clearly that this is not the case. Instead, rφ ′ → −2.79. This corresponds to a solution of the type (4.7), so the mass terms are becoming negligible near the singularity. (As expected, h diverges like r
−(1+β
2 ) with β = 2.79.) However, the solution is not approaching the massless solution (2.2). Instead, it is approaching a more general solution to the massless equations.
The metric function h(r) for a small black hole is shown in fig. 8 . This black hole has r 0 = .01 and Q = .001. For small black holes, one can integrate outwards considerably farther before the numerical instability sets in. The mass M of the black hole can be easily determined to be M = .00504976 by integrating out to a large enough r so that the asymptotic approximation (2.8a) is valid.
In fig. 9 , we show the dilaton outside the event horizon for the same small black hole, along with the asymptotic solution (2.7) and the massless solution (2.2) for this Q and M (setting φ ∞ = 0 to match properly at the horizon, and transforming into the new coordinates (4.1)). As expected, the dilaton is falling off much faster than in the massless dilaton solution. At large r it clearly approaches the asymptotic solution.
Inside the event horizon of this small black hole, the situation is different. Now the numerical solution behaves almost precisely like the solution with a massless dilaton. The dilaton inside is shown in fig. 10 . The dilaton for the m = 0 solution is indistinguishable in this plot. This confirms that small black holes behave similarly to the m = 0 solutions.
In this case, one finds rφ ′ → −1.00000097 at the singularity, which is close to the m = 0 value. The interior solution is stable under perturbations of φ 0 , so the slight deviation from rφ ′ → −1 does seem to be real. Since this black hole is not extremal, some deviation might be expected. The fact that it is so small seems to be a reflection of the fact that Q is quite small. Our next example is a medium sized black hole, with r 0 = .85 and Q = 1.36455.
The metric function near the horizon is shown in fig. 11 , and a more detailed picture is in fig. 12 . From the asymptotic value of h(r), we can determine the mass of this black hole to be M = 1.29283. This black hole is close to the extremal limit, and also close to the triple point. Notice that Q 2 /M 2 > 1, so this black hole is unstable to splitting into smaller, widely separated black holes. If we were to decrease r 0 or increase Q by a small amount, the slight increase in h(r) would touch h = 0, causing an inner horizon. The horizon for this black hole lies behind a wormhole in the string metric. In fig. 13 , we show the radius of spheres in the string metric re φ as a function of r. Notice that re φ reaches a minimum outside of the event horizon, and increases inwards until turning over again farther in.
We demonstrate the approach to the extremal limit in fig. 14. This shows the results for a number of black holes, all with charge Q = 1. The horizon for a black hole is picked to be at a particular r 0 , and the value of β = − lim r→0 rφ ′ is then determined. Smaller values of r 0 correspond to black holes closer to the extremal limit. As can be seen in fig. 14 , as the black hole approaches the extremal limit, β → 1, which is the massless dilaton value.
Thus, even medium black holes with a charge too small to have a degenerate horizon, will have an infinite throat in the extremal limit. Notice that β is becoming larger than one as one moves farther from the extremal limit. This is consistent with our earlier result that β = 2.79 for a black hole with Q = 20. As the extremal limit is approached, we can determine from h(r) that M → .8928. This corresponds to Q 2 /M 2 = 1.2545 which is in agreement with the statement that this ratio varies from one for large black holes to two for small holes. We conclude this section by demonstrating the formation of a long throat outside the event horizon of a nearly extremal black hole. The geodesic distance ρ from a point r 1 to We will arbitrarily choose r 2 = 1, and show in fig. 15 and fig. 16 the radius of the spheres in the string metric re φ as a function of the geodesic distance ρ for two different black holes.
The black hole in fig. 15 has r 0 = 10 −2 and Q = 10 −2 , so it is not yet near its extremal limit. The mass of this solution is M = .0086768. Notice that re φ is basically linear until just before the horizon at ρ = 1.08102. Since ρ measures proper distance inward from a fixed radius outside the horizon, this plot is reversed compared to some of the earlier ones.
Increasing ρ corresponds to decreasing radius.
In fig. 16 , we show a black hole much closer to its extremal limit, with r 0 = 10 −5 and Q = 10 −2 , which correspond to a mass of M = .007096. In terms of proper distance, the horizon is at ρ = 1.27191. For this black hole, re φ levels off before the event horizon. Thus the horizon is down a throat of essentially constant radius. The length of the throat grows as the black hole approaches its extremal limit. Note that the plots fig. 15 and fig. 16 are virtually identical except that the horizon is moved farther down the throat.
Conclusions
We have studied the behavior of black holes coupled to a massive dilaton. Although exact solutions are not known in closed form, we have obtained a fairly complete picture of their properties by combining analytic arguments with numerical integration. One of our main results is that even with a mass, the dilaton can have an important effect in the late stages of black hole evaporation. For black holes with 5 0 < |Qm| < e/2, the spacetime initially (when the mass is large) is close to the Reissner-Nordström solution. As the mass decreases, the spacetime becomes closer to the massless dilaton solution. So all of the unusual features of the extremal m = 0 black holes should emerge in the late stages of the evaporation. The transition occurs when the curvature is still small compared to the Planck scale so higher order string corrections should be negligible. If |Qm| > e/2 and M ≫ Q, then the black hole solutions have only one horizon. But as the mass decreases, there comes a point where an inner horizon appears. Further evaporation will then be similar to Reissner-Nordström with the extremal limit containing a double horizon.
We have considered only the simplest potential for the dilaton m 2 φ 2 . Even though the dilaton is becoming large, this potential becomes negligible near small black holes since other terms in the field equations diverge more quickly. This shows that any potential which grows more slowly than m 2 φ 2 for large φ should have black hole solutions with similar behavior. (The limit on the charge |Qm| > e/2 for the existence of a double horizon will presumably be modified.) Although the exact dilaton potential in string theory is not known, there have been proposals based on gluino condensation [15] . These potentials typically approach a constant for large |φ| and so the black holes should be similar to the case we have analyzed. Also, these potentials are typically not symmetric under φ → −φ.
This implies that electric and magnetic charged black holes will no longer be related by a duality symmetry.
We have shown that nearly extremal black holes coupled to a dilaton are repulsive.
Roughly speaking, this is because the presence of the dilaton near the horizon allows Q 2 > M 2 , but the dilaton mass cuts off the attractive dilaton force at large distances.
This result depends only on properties of the dilaton potential near its minimum, and will hold for any potential that gives the dilaton a mass. We also argued that one consequence of this is that large extremal black holes are quantum mechanically unstable to bifurcation.
Since charge is quantized, the extremal black hole of smallest charge must be stable. It will repel black holes with the same charge and attract those with opposite charge. It is interesting to compare this to an elementary particle. The standard argument that the electron cannot be a black hole is that its charge is much larger than its mass. So according to the Reissner-Nordström solution, it would have to be a naked singularity. However, we have seen that this is not the case when massive dilatons are taken into account. (Other similarities between black holes with dilatons and elementary particles have recently been discussed in [16] .) Could all elementary particles be black holes? One obvious objection is that we have found that black holes can have their charge slightly larger than their mass, while the ratio of the charge to mass of an electron is about 10 21 . However we have only considered the case where the dilaton vanishes at infinity. For the magnetically charged black holes that we have been discussing, if φ → φ ∞ asymptotically, the maximal charge to mass ratio is increased by e φ ∞ . For electrically charged black holes, the sign of φ is reversed. So if φ ∞ is negative at infinity, corresponding to weak coupling, the charge to mass ratio can be much larger than one. Another obvious objection is that elementary particles with the same charge can have different masses. Perhaps this could be accounted for when the other interactions are included. Even if the known elementary particles are not small black holes, it is certainly intriguing that in many respects, they act qualitatively the same.
We have also shown that the string metric describing black holes with M m ≈ 1 can have wormholes outside the event horizon. It is not clear how sensitive these are to the details of the dilaton potential. However it should be kept in mind that we have discussed only classical solutions. These wormholes only occur when φ ≈ 1, which is where string loop corrections may become important.
Note added
As this paper was being completed, we received a preprint from R. Gregory and J.
Harvey, "Black Holes with a Massive Dilaton," hep-th/9209070, which overlaps with some of this work.
